MULTIPLE STEADY-STATE SOLUTIONS IN THE THEORY OF DC GLOW AND ARC DISCHARGES AND SIMULATION OF CATHODE SPOTS
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Self-consistent theoretical models of dc glow discharges and plasma-cathode interaction in arc discharges in ambient gas, including the most basic ones, admit multiple solutions existing for the same discharge current. These solutions exist simultaneously with the solution given in textbooks, which describes a discharge mode with a uniform or smooth distribution of current over the cathode surface, and describe modes with various configurations of cathode spots: normal spots on glow cathodes, patterns of multiple spots recently observed on cathodes of glow microdischarges, spots on arc cathodes.
The existence of multiple solutions was hypothesized in 1963 for arc-cathode interaction [1] and derived in 1988 for glow discharges [2]; further references of historical interest can be found in [3] and [4], respectively. However, the central role of multiple solutions was fully realized only in the late 1990s in the theory of arc plasma-cathode interaction. By now, multiple solutions describing diffuse and spot modes of current transfer to cathodes of high-pressure arc discharges have been computed under different conditions by different research groups, validated by an extensive comparison with the experiment, and proved relevant for industrial applications. Most of effort was invested in low-current high-pressure arcs, which are used in high-intensity discharge lamps. Multiple solutions in the theory of glow discharges have started to be systematically computed only recently.

An example of multiple solutions is shown in Fig. 1. In the case of glow discharge, <j> designates the average density of electric current to the cathode surface, R is the discharge tube radius, h is the interelectrode distance, and U is the discharge voltage; R and h are radius and height of the cathode and U is the near-cathode voltage drop in the case of arc cathode. This figure refers to the simplest case where the lateral surface of the glow discharge tube reflects the ions and the electrons, while the lateral surface of the arc cathode is thermally and electrically insulated. In this case, one of the multiple solutions, namely, the one represented by the line NP, is one-dimensional (1D) and describes states with a uniform distribution of current over the electrode surface. The other existing solutions are multidimensional and describe modes with different configurations of cathode spots. 2D (axially symmetric) solutions branch off from the 1D solution; 3D solutions branch off from the 1D and 2D solutions. The bifurcation points, i.e., the states where this happens, are marked in Fig. 1 by circles.
In the case of glow discharge (Fig. 1a), the 1D solution NP describes the Townsend discharge for very low current densities, the abnormal discharge for high current densities, and the unstable discharge with the falling current-voltage characteristic (CVC) for intermediate current densities. This solution is similar to the 
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Fig.1. CVCs and schematics of current density distribution over the cathode surface described by different steady-state solutions. (a) Glow discharge. Xe plasma, p = 30 Torr, R = h = 0.5 mm. Data from [4,7]. (b) Cathode of an arc discharge. Ar plasma, p = 1 bar, W cathode, R = 2 mm, h = 10 mm. Data from [8]. 

classic solution which is based on a linear approximation of electric field in the near-cathode space-charge sheath and is given in textbooks (e.g., [5,6]). Solutions a1b1 and a3Qb3 are 3D and 2D, respectively, and describe modes with a normal spot positioned at, respectively, the edge or the center of the glow cathode. Solution a3Sb3 is 2D and describes a mode with a ring spot at the periphery of the cathode observed in [10]. Solutions a10b10 and a14b14 are 3D and describe modes with patterns of multiple spots observed recently in glow microdischarges; e.g., [9] and references therein. 
In the case of arc-cathode interaction (Fig. 1b), the 1D solution NP describes the diffuse mode of current transfer and is similar to the solution considered in the book [11]. The solution that branches off at the state a1 is 3D and describes a mode with a spot at the edge of the cathode. The other solutions are unstable in this geometry and do not realize in the experiment.
The mechanism ensuring existence of multiple solutions for both glow and arc cathodes originates in basic processes of the near-cathode space-charge sheath. It follows that basic processes in the near-cathode space-charge sheath are sufficient to produce self-organization. This is a very general mechanism present in all discharges where the near-cathode sheath plays a significant role. It may play a role in appearance of spots or patterns also on cathodes of ac and pulse discharges.
Although the physics of plasma-cathode interaction in dc glow and arc discharges is very different, the overall patterns of multiple solutions shown in Figs. 1a and 1b are remarkably similar. Of course, this is not surprising: in terms of general theoretical physics, near-cathode regions of both discharges represent bistable nonlinear dissipative systems; cathode spots represent self-organization phenomena; hence solutions describing the spots must conform to general trends of self-organization in bistable systems. This allows one to understand multiple solutions in the theory of glow and arc cathodes and different spot patterns described by these solutions within the same framework.

These solutions are important also beyond their usefulness for understanding and modelling cathode spots in dc discharges. The fact that the model of dc glow discharges between parallel electrodes, which is the workhorse of the gas discharge theory and modelling, admits a new class of multidimensional solutions and these solutions are of physical relevance, is by itself surprising and theoretically interesting. These solutions add to understanding of the physics contained even in simple gas discharge equations; another illustration of the richness of the discharge science. Furthermore, understanding of these solutions may be important also in apparently simple situations where multiple solutions are not of primary concern. 
The existence of multiple solutions describing different modes of current transfer to electrodes is, of course, not a feature specific for dc discharges: in the case of ac and pulse discharges one can think of multiple nonstationary solutions, one of which varies only in the axial direction (is 1D in space) and describes a spotless mode and the others vary also in transversal directions and describe different self-organized modes. A feature which is specific for dc discharges is the existence of bifurcations of (steady-state) solutions, and this feature, having been predicted theoretically, was also confirmed experimentally. This feature offers the possibility of a systematic computation of multiple solutions in the cases of both dc glow discharges and arc-cathode interaction. Such approach can be used for understanding and modelling steady-state spots or patterns governed also by other mechanisms, provided that the transition between steady-state modes occurs without temporal oscillations.
This talk is dedicated to a review of multiple solutions in the theory of dc glow discharges and plasma-cathode interaction in arc discharges obtained to date, their systematization, and analysis of their properties and physical meaning. The outline of the talk is as follows. The concept of multiple solutions in the theory of dc glow discharges and plasma-cathode interaction in arc discharges is formalized and properties of these solutions are analyzed on the basis of general trends of the theory of self-organization in bistable nonlinear dissipative systems. Relevant aspects of computation of these solutions are discussed. Typical results of calculations of multiple solutions are shown and compared with trends observed in the experiment. Other topics to be discussed include: transition from self-organized modes of current transfer to modes where current spots represent concentrations of current caused by non-uniformities of the cathode surface; solitary cathode spots; role of Steenbeck’s principle of minimum power in modern theory and modelling; examples of apparently simple situations where glow discharges and arc-cathode interaction reveal complex behavior; observations of spots and patterns on electrodes of gas discharges and the first-principle theory and modelling where available; the place of the approach based on multiple steady-state solutions in the theory and modelling of gas discharges; possible directions of future work.
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