АNALYTICAL MODEL OF COULOMB CLUSTERS IN AN AXIALLY SYMMETRIC PARABOLIC TRAP
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Configurations of charged particles have attracted the attention from various viewpoints. Last time dust particle clusters in potential traps are extensively studied. The traps are usually assumed cylindrically symmetric with the potential energy of a particle proportional to the square of the distance, so the trap can be described as a parabolic. However, either flat or spherically symmetrical clusters are mostly considered. At the same time, one of the interesting problems is the restructuring of the cluster configuration when the trap anisotropy is changed. So, a theory, which allows making simple evaluations of the cluster energy, size and shape depending of the trap anisotropy and the number of particles N would be useful. Such a theory is presented in this communication.
We consider a cluster in a trap, in which the potential energy of a particle of mass m is
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where ( is the frequency of oscillations in the x(y plain and ( is the anisotropy parameter. Assume that the cluster is uniform and consists of a large number of identical classical particles carrying a charge q. It takes the form of a spheroid with the radius a in the x(y plain and semiaxis b in the z direction. If ( < 1 the spheroid is prolate and 
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, while if ( > 1 it is oblate and ( < 1. For ( = 1 it is, obviously, spherical (( = 1). Using the equation for gravity potential inside a uniform ellipsoid [1], we can obtain the electrostatic potential (E(r, z) inside the cluster (in both of the cases, the dependence on distance is the same). After integration over the cluster volume we obtain the electrostatic energy of particle interaction
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where 
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 is the charge density. The energy of interaction with the parabolic trap is 
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where 
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 is the mass density. The total potential energy of the cluster is 
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. Equating to zero the derivatives 
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, we obtain the system of equations for a and (. Its solution gives us the dependence of a on ( as a parametric function with the parameter (. Then, substituting a and ( into UE and Ut, we find the total potential energy of the cluster as a parametric function also. So, we have
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Thus, eqs. (1) determine the size, shape and potential energy of a cluster as a function of ( and N. However, N should be rather large that the cluster could be considered as uniform. For N ( 103 the dependence of U/N 5/3 on ( is presented in Fig. 1a by upper solid curve. Dependences a and ( on ( are shown in Fig. 1b and c. Here U and a are given in units 
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 respectively. For ( >> 1 cluster becomes almost flat (( << 1) and energy U and radius a cease to depend on (. For ( << 1 cluster has a spindle-like form (( >> 1) and in the limit 
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 turns into a one-dimensional chain along the z axis. For ( = 1 cluster becomes spherical (( = 1).
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Fig. 1: Potential energy U (a), radius a (b) and ratio of the semiaxis ( = b/a (c) of Coulomb cluster depending on the anisotropy parameter (. Solid curves are the calculation by the present theory for N ( 103 by (1) (upper curve in (a)) and N = 100, 23, and 13 by (2); dash curves on the left are the results of molecular dynamic simulation for N = 23 and 13 [4].
To check the validity of the assumption of the cluster uniformity, we evaluate the influence of possible nonuniformity. If the charge density has a simple dependence 
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, 0 < t < 1 (spheroid consists of uniform layers of similar surface), using the theory of gravity potential [2], we can evaluate the effect of nonuniformity analytically. We have shown that for nonuniform cluster in the case n = 1 the radius a is (5/3)1/3 = 1.186 times larger than that for uniform cluster, but the shape defined by the parameter ( is the same. And the total potential energy U differs from that given by (1) only by the factor 1.004. For n > 1 the differences are even lover. Indeed, the charge and mass distributions approach to the uniform ones as n ( (.
Next we consider 2D clusters (( ( () performing the limiting transition ( ( 0 in (1). We obtain 
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. However, in this case the surface charge density is not constant: 
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. But we have shown that the nonuniformity of 2D cluster has little effect on its potential energy as well in the case of 3D cluster.
In order to extend our analytical model to smaller clusters with N < 103, we compare our result for the potential energy of 2D cluster with the extrapolation for N(1 ( 0 of the data of the Monte Carlo calculations [3]. We obtain the difference is about 2%. This is a good agreement with numerical calculation for our simple model, which does not take into account the cluster shell structure. Then we introduce to the equation for U2D a correction factor based on the fitting of the Monte Carlo data [3] for different N: 
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Our next step is the use of the same factor for 3D clusters. In other words, we assume that the quantity 
[image: image23.wmf]5/3

/

UN

 as a function of ( and N can be approximately represented as a product of two factors, one depends on ( (through the parameter () and other on N. As a result we have
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In Fig. 1 we present the results of the calculations by (2) for N = 100, 23 and 13. For two last cases (N = 23 and 13) our theory is compared with data of molecular dynamic simulation [4] (dashed curves).
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